Intensity scattered by multicomponent

compressible systems

H. Benoit

Centre de Recherches sur les Macromolécules, 6, rue Boussingauit,

67083 Strasbourg Cedex, France

(Received 19 February 1990; accepted 16 March 1990)

In this paper it is shown that the use of the volume fractions ¢, to characterize the composition of a system
allows an easy evaluation of its scattered intensity at zero angle, even if it is compressible. If the volume
fractions are independent of composition, the intensity can be split into two terms: the first corresponds
to the density fluctuations of the medium at constant composition, the second is the composition fluctuations
as already evaluated for an incompressible system. In a majority of cases these formulas can be generalized
at any angle and for systems for which the volume fractions depend on composition and pressure. As an
example the results of these calculations are expressed in terms of experimentally available quantities for
a two component system studied either by light scattering or by neutron small angle scattering technique.
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INTRODUCTION

Recently Benoit, Benmouna and Wu'! proposed a general
equation allowing the calculation of the scattered
intensity at any angle by an incompressible medium
composed of any number of polymers and copolymers.
The thermodynamic part of this theory was based on the
use of exchange chemical potentials. In this paper we
would like to generalize these results to the case of
compressible systems. In fact this problem has already
been considered by many authors>—*. Recently des
Cloizeaux and Jannink?®, using vectorial geometry analy-
sis, a very elegant approach, gave a solution to this
problem. Our purpose here is to show how it is possible
to obtain these results very simply and to discuss their
application to experimental situations.

THE SCATTERING PROBLEM

One knows that the intensity scattered at zero angle by
a volume V made up of N identical molecules is described
by the Einstein® equation:

1(0) ~ a*AN? (1)

where, for neutron scattering a is the coherent scattering
length (one assumes that the incoherent scattering has
been suppressed). For light scattering a is equal to the
polarizability of the molecules which are assumed to be

isotropic. AN? is the average value of the fluctuations of
the square of the number of molecules in the volume V.
In fact one should introduce the necessary constants to
replace & by = but, in order to have simpler formulas
it will be assumed that these constants are unity and we
shall discuss later their exact values.

Let us consider a system containing p+ 1 types of
molecules and introduce the quantity P defined as:

P=3 aN, @)
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where a; is the value of the quantity a corresponding to
the molecular species i. Equation (1) becomes:

1(0) = AP? (3)
or
P JRU— -
10)=Y a?AN?+2 Y agANAN, )
i=o i#*k

This expression has now to be evaluated from the
thermodynamic properties of the system.

Before doing so it is convenient’ to introduce new
variables. Because density and composition fluctuations
are of different nature it is important to use variables
which separate them clearly. We shall therefore use the
quantities N; defined as:

Ni=N, " = Ng, (5)
Vo
where v; and v, are the partial molar volumes of the
molecules of species i and of species 0 respectively. The
species O is arbitrarily called the solvent, and z; is a
thermodynamic quantity which can be defined as:

()
op V.NT

2y= o DAYNT. (6)

(%)
op V.NAT

It will nevertheless be treated as a constant and the effect
of its dependence on compression and composition will
be discussed at the end of this paper. If one introduces
. V 2 .
also the quantity Ny=-—= ) Ngz and the quantity
Uy i=0
Nz, )
¢; = —— one obtains for P:
Niz;

p al_ p ai
P=aoNp+ Y |~ —aq |zN;=aoNy+ ). | ——a, [N;

i=1 i i=1 i
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This suggests the introduction of the quantities:

a=a+ Y iy ®

Y
a;=——4o
Z;
which are practically always used by experimentalists.
The value of the quantity p = P/V becomes:

_ 1 5
P=P/V=a/”0=~|:ao+ ) aid)i:l 9)
Vo i=1
where 4 is the average value of the g; on the volume V.
One has therefore three possible expressions for the
scattering intensity:

1. The expression given by equation (4) which
gives the intensity as a function of the variables
No,Ny,..., N, ..., N,

2. If one uses the varlables Nr, N, ..., N,, one obtains,
by differentiation of the first term of equation (7):

(10)
3. Finally, if one uses the variables N, ¢,,..., ¢, one
obtains, by differentiation of equation (9):
I(O) = ‘ZAN%' + 2NT Z c_la,ANTA(b‘
+ N} LY. aaAd A (11)
i k

Equation (11), in which Ny and ¢; are the variables is
evidently the most convenient because the three terms
into which the scattering intensity is split have a simple
physical meaning. The first one corresponds to fluctua-
tions at constant composition. Through the variable Ny,
it is the total number of molecules which varies, at
constant composition, in the constant volume ¥V and we
are dealing with density fluctuations exactly as in a one
component system.

The last term is due to the fluctuations of the volume
fractions at constant Ny and constant volume. This is
the term one would obtain assuming that the medium is
incompressible. It has been evaluated recently’.

The only problem left is the evaluation of the second
term which corresponds to the coupling of density and
composition fluctuations. This term has been shown to
be zero’. We shall give here another demonstration but
before doing so, some classical results of thermodynamics
will be summarized.

THE THERMODYNAMICS OF THE PROBLEM
If one uses the variables N; for the definition of the Gibbs
free energy one writes:

G=) Nu (12)

i

13

where u, is the chemical potential associated with the
species i. If one uses the variables N; and N one has to
use the exchange chemical potential ji; defined by the
relation:

Hi=——lo (13)

580 POLYMER, 1991, Volume 32, Number 4

and to write:
G=Newo+ 3. Ni (14)
or, using the variables Ny and ¢;:
G= NT[I»‘O + '21 ﬁi‘f’i:l (15)

This leads to the definition of g, the free energy per
volume of a solvent molecule:

G 2o
g=—=po+ 3. Lt (16)
Ny i=1

g is only a function of the ¢, values. Because it is an
intensive quantity it obeys the relations:

T ‘3“’] 17
i [5@ . (17

One can also write for the volume the classical equation:

p
V= Z viN,-
i=0
where the v, values are, as before, the partial molecular
volumes.
Deriving these equalities by the pressure p gives,
assuming that z; is a constant:

g | 10w 1
[%}=#ﬁ_%=_v‘,_vo=o (18)
op

In the course of this paper the relation between the
quantities (Ou;/0N, v and (Ou;/0N,)p as well as the
corresponding relations for the exchange potentials will
be required. In the appendix the reader will be reminded

that:
Au. o |
<_“_'> _ﬁ> + 2% (19)
ON,/, =\ 0N/, BV
where f is the isothermal compressibility coefficient
(—1/v x dv/dp); and v; and v, the volumes of the

molecules of species i and k respectively. If one applies
this relation to the exchange potentials one obtains

evidently:
B
N/, \ON./,

when i or k differs from zero. This quantity differs from
0 only if i and k are equal to 0. The chemical potential
associated with Ny is y, and one has:

G
(—"2> _ % 21)
ON¢/, ﬁV
because (Opo/0Ny), =0 (uo 1s, at constant pressure,
independent of the total number of moliecules).

THE QUANTITIES AXAY

This caiculation can be made through the use of the
grand partition function which can be defined as:

== Ly uN—
= Z c €xp kT l:Z ”th Uil (22)



where C is a factor which, for this problem, can be
considered as constant. The summation has to be
extended, at V and T constant, over all the possible
states of the system, each having the energy U. The
classical method’ to obtain average values of N, is to
take the derivative of In Z with respect to y;:

dlnE 1 N, N,
=—Y L Cexp— N—-Ul=—2 (23
Py [Zu ] 7 &

o, ETKT

Multiplying the two terms of the right hand equality by
kTE one obtains:

1 _
Z N,C exp XT [Z wilN; — U] =EN; (24)

Differentiating again with respect to y, and dividing by
E leads to:

ONy =kT N _ (ANAN)y v, (25)
o Ot

where m represents all the indices, except i and k. (From
now on, we shall omit the subscript T because all the
derivatives are taken at constant temperature.)

The same procedure can be repeated if, instead of using
as variables Ny- - -N,, we use Np, Ni- - -N,. It suffices to
replace the classical expression of G by equation (14).
When Ny is kept constant i and k are different from o
and one obtains:

- Niﬁk = kT

—_— ON;
(AN:AN )y w,, = kT ( - ) (26)
O/ VN7 Nom
Because in these derivations Ny is constant (i and k are
different from o and T), one can write:

kT ¢, kT (¢,

ASAD)y wy i, =~ — = — ( ) (27)
N Ny iy Np\ oy VN7 ,No

The case of the quantities (AN;Ag,)y y, is more subtle
because G is no more a linear function of these variables.
If we use equation (15) for G and put it in the definition
of 2, a first derivation with respect to j, gives:

JInE 1 < Nyo; 1 _ ]
= — C — N + iN i~ U
oF; = Z kT exXp KT [ﬂo T 2 W:Nrod
N, ob.
= T¢l (28)
kT
or
Npgy=kr 1102 (29)
o7
Classical thermodynamics tells us that:
kTInEZE=G-A4 (30):

where A is the Helmholtz free energy, and that:

4
d(kT In E) = Ny du, + Ny Z ¢, di; + Vdp—Sde
i=1
(31
which leads to:
olnZ
O

where Ny and ¢, are the averages taken on the ensemble.

Nro;=kT (32)
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This shows that Ny¢; — N;¢,; = o; therefore AN;A¢; = 0.
This confirms that if one chooses the variables correctly
there is no cross-term ‘density—composition’ in the
expression of the scattering intensity.

The last term which has to be evaluated is the term
ANZ%at ¢, constant. One obtains easily the classical result,
known for pure liquids:

ANz =kT(—a&> {33)
og &V

CALCULATION OF THE SCATTERING
INTENSITY

From the results of the preceding section it is evident
that it is most convenient to use the variables N, ¢,
(1 €i< p) because this eliminates all the cross terms of
the form AN;A¢; Returning to equation (11) one
obtains:

oN. 0
1(0)=a*kT (»—1) + NpkT YN 4., qf" (34)
og &V ik o
The first term depends only on the variables Ny, because
¢ and V are constant and one obtains:

(aﬂz) -t (35)
0g gy <dvg)
N,/

If one uses equation (20) in the case of a system with
only one variable one sees that the term (0g/0Ny), is
equal to zero because g is independent of N, and one
obtains:

I1(0)=a*T (B_Aﬁ) =a*kTp KZ (36)
09 /v Yo
recovering the classical result for a homogeneous system.
The evaluation of the last term is classical. One has
to express the d¢,/dji; as functions of the dji;/0¢,. One
writes the matrix (H] having 0j1,/0, or 0%g/8¢,0¢, as
the general term. This matrix has p rows and p columns
and is symmetrical. The quantities o¢,/0j; are the
coefficient of the inverse matrix [H]?, or the cofactors
of the matrix [H] divided by its determinant. If one calls
[a] the column vector made of the optical coefficient 4,
defined in equation (10) and [a;] its transpose or the
row vector made of the a; one obtains from equations
(34) and (36) the final result

o) = V(ﬁ)szﬁ + NkT[apJ[H]"'[a] (37)
UO

It is interesting to modify this formula in order to use
quantities which are more familiar to the experimentalist.
For this purpose one assumes that the free energy of the
system can be put in the Flory-Huggins® form and writes:

1 &% 1

— =—+ Xix = Xio — Xko = Vs 38

KT 3600, bo Xik = Xio — Xko = Vit (38)
1 9° 1 1

ey =0, (380)
kT@¢2 1¢1 ¢0

where ¢, = Z ¢;; the y, are the interaction coefficients.
i=1
per volume of a solvent molecule, between species i and
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k in the chosen solvent and the v, are the classical
excluded volume parameters or the ratios of the excluded
volume integral to the volume of the solvent v,. These
quantities do not have to be constant and can be defined
for any system by the equations (38) and (38a). This
allows one to rearrange the matrix [H] and write:

o ] =[x 7 (o] (39)

calling [x;] the diagonal matrix having x;=z;¢; as
elements along its principal diagonal and [v;,] the matrix
of the excluded volume parameters. One obtains:

10) = V(a/v,)*kTB + Nelarl[[x1™" + [V1]"'[a] (40)

DISCUSSION

Z» IS not a constant

Until now we have assumed that the z; values were
constant but, in the general case they could depend on
pressure and composition being thermodynamical vari-
ables defined by equation (6). In order to extend our
previous results we first note that equation (15) is valid,
even if the z; values are not constant. This follows from
the fact that because G is a homogeneous function of the
first order of the N; one can use the Euler theorem. In
order to write equations (22) and (23) correctly one has
to change the variables in the expression of G as well as
in the integration volume. This means that one has to
introduce the Jacobian of the transformation, i.e. the
quantity:

&(No, Ny, Npy ..., N,)
a(NT: d)l’ ¢2’ R ] d’p)

If this Jacobian does not depend on the j; or its
derivatives equation (28) is valid and one recovers the
basic equation of this paper AN;A¢; =0.

This is obvious if the z; values depend only on the
pressure and are independent of the composition.
Therefore differences between the compressibility of the
solvent and the polymers do not alter the form of the
results.

The case where the v; or the z; values depend on
composition is more difficult. In order to verify that our
equations are still valid in this case, we have used a
straightforward but inelegant method. Starting from
equation (26) one determines the quantities AN;AN; and
evaluates the inverse of the determinant for general term
Op;/ONy + v, /BV. For large values of p its calculation is
tedious and we have only been able to show that the
denominator is the product of two terms, one depending
only on the compressibility of the system, the other on
the free energy of mixing. This result is identical to the
result obtained in the special case where the z; values are
constant. In order to evaluate AN;A¢d; we use the
relation:

(41)

S - . S
¢ Y v AN AN, — P Y ANAN; (41)
iVo k=0 Ui i,
relating ANTAdz- to the AN;AN;. This has been done in

the case of a two component system (see Appendix) and
a three component system. In both cases one finds

ANTA¢i =
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AN;A¢; = 0. It seems therefore that the equation (37) is
more general than expected and valid for any solution.

The generalized spinodal

If one writes the complete matrix of p+ 1 rows and
p + 1 columns one sees that its determinant is simply the
product of the compressibility term by the determinant
of the matrix (H]. This means that, even in the case of
a system where the v; values depend on pressure and
composition, the scattering can become infinite only if
the compressibility diverges or if the mixture goes to a
critical point, even if these two points are near one from
the other.

The number of functions S;;(q)

One can write, quite generally, the scattering intensity
as a function of the scattering vector q, |g=g=
(4m/A) sin(0/2) where 4 is the wavelength of the incident
beam and € the observation angle:

Hg)= Z g amSudq) 43)

and it has been claimed'® that, because S, =S,;, one
needs for p + 1 constituents p(p + 1)/2 functions S;,(q) in
the general case and p(p—1)/2 in the case of an
incompressible system®. In fact, this is correct, at least
for g =0, for the incompressible media but not for the
general case where the exact number is, following
equation (40), 1 + p(p — 1)/2. This result is only valid for
q=0. In order to show that this remark is not always
true let us consider the case of a diblock copolymer
dissolved in a solvent: at zero angle two partial scattering
factors only are required to describe its scattering, at
finite angle, one needs the use of the partial structure
factors P,(q), P,(q), P,,(q) to describe the system and four
partial structure factors are needed.

The influence of the scattering angle

Another interesting problem is the evaluation of the
scattering function at any angle. It is evident that, unless
one is near to a critical point, the density fluctuation
term is independent of the modulus of the scattering
vector a. This means that the first term of equation (40)
is correct for any value of q. Recently Benoit, Benmouna
and Wu! proposed, without taking compressibility into
account, an equation identical to the second part of the
right hand side of equation (40) the only difference being
that the term x;; of the matrix [x] was given by:

X = ¢:z;Pi(q) (44)

P,(q) being the form factor of the molecules of the species
i. A simple generalization of equation (40) is therefore
obvious: it suffices to use for the x;; the definition of
equation (44) instead of the value x;; = z;¢,. One knows
that the method used in reference 1 gives results identical
to those obtained first by de Gennes'® using a method
which he called the random phase approximation. In this
method it is assumed that the medium is incompressible
but, because the same results can be obtained without
making this hypothesis, one can conclude that the result
is independent of this hypothesis.

Generalization to copolymers

Equation (40) was generalized to the case of copoly-
mers by introducing in the matrix [x] cross-terms of the



form:
X = D.z,u, Py(q) 45)

where @, is the volume fraction of the copolymer with
degree of polymerization z, and volume fractions u; and
u, of the species i and k in the copolymer molecule.
Because these terms do not modify the zero angle result
they can be introduced safely and allow one to write a
general equation valid for every kind of mixture by
generalization of the matrix [x]. Before closing this
discussion it is important to realize that some of the
conclusions which have been developed in these last
paragraphs could be found to be incorrect in some special
cases. They have to be used cautiously.

Up to now we have used volumes and volume fractions
instead of masses which are always used by experimental-
ists. For instance we use the degree of polymerization z
which depends on the solvent and on the nature of the
other polymers in the case of a mixture of polymers and
this is not an experimental quantity. In this last section
we would like to use a more accessible language which
expresses, as much as possible, these results in terms of
experimentally available quantities in both cases: neutron
and light scattering.

APPLICATION TO NEUTRON SCATTERING

As an example of the application of this formula let us
consider the case of a binary mixture. Formula (34)
becomes, if one uses.1/V dX/dQ, the differential cross-
section per unit volume:

1dx AP? [a\? a, P kT

[} vl)

a9*

One sees first that the quantities a and @, enter the
formula through their ratio to the volume v,. This leads,
using equation (8), to

ajvg = ao/ve + $(a,/v; — ae/vo)
d1/vg = a,/vy — aq/vy
where v, and v, are respectively the partial volumes of
the solvent and of the solute respectively. If one knows

the specific masses, po, and p,, and the molecular masses,
m, and m,, one has:

afvg = Popoto/mo + d1p1a,/m,
ay/vg = p1a1/my — Podo/Me

calling ¢, the volume fraction occupied by the solvent.
Because for a polymer the quantity a,/m; does not
depend on the degree of polymerization one can take for
a, and m, the values corresponding to the real monomer.
If we assume that the system obeys Flory’s law for its
chemical potential, the scattéring intensity will be:

1 dx Polo p1a1>2
———= —+ kT
T (¢o e ¢, m, B
= \2
+(ﬁ> “o (49)
ve/ 1 1
— -2y
zp (1—¢)

All the quantities (except z and y) are experimentally
available. At infinite dilution the second term of the

A7)

(48)
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scattering intensity takes the form:

<P1“1_Poao)zzv¢_[a1 Po ao]2M1c (50)
o= ————1 —0

my mq my pymel N

which is the well known form of the result if one calls
M, the molecular weight of the solute, ¢, its concentration
and N the Avogadro’s number. Because v, and v, are
partial quantities, p, and p, depend on concentration
and should be measured carefully if one needs a great
precision.

If, in the general case, one wishes to express all the
terms of equation (49) as function of masses instead of
volumes one writes c=p,;¢, and z, =M, p,/Myp,,
calling M, and M, respectively the molecular weight of
the solvent and the solute. The generalization to many
constituents is obvious.

THE CASE OF LIGHT SCATTERING

The case of light scattering is very similar to the case of
neutrons but there are two difficulties related to the
nature of the interactions between light and matter: first,
one has to subtract from the total intensity the contribu-
tion of the fluctuations in orientation. This is well
known!' and formulas allowing the subtraction, from
the total scattering, of the anisotropic < contribution
have been developed along time ago!!. We shall therefore
assume that this has been done or that the system has
no orientation fluctuations.

The second difficulty comes from the fact that the
values of a are no longer intrinsic properties of matter
but are thermodynamic quantities related to the dielectric
susceptibility ¢ or the index of refraction » of the system.
If one writes the fundamental equation of electrostatic
(in c.g.s. units)

e-1_ P (51)
4n  E
one sees that the quantity p, defined in equation (9) is
identical to p/E (p = P/E). Because this quantity is an
homogeneous function of the N;, one can use equation
(2). By differentiation, after replacing ¢ by the square of
the index of refraction n one finds:

G_non (52)

remembering that the 4; values are partial molar
quantities. This shows that the a,/v, are well defined
experimental quantities and are easy to measure. With
these notations we shall now write the Rayleigh constant
R of the system for unpolarized light (and isotropic
molecules) at g = 0. One knows that:

16n* 1 ——

R(o)="7 ?APZ (53)

A being the wavelength, in vacuo, of the incident beam.
This expression can be divided in two terms which will
be called Ry and R and correspond to the density and
composition fluctuations respectively.

The compressibility term R,

Using the expressions of the first term of AP? defined
in equation (34), one obtains for its first term, assuming
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following Coumou'Z that a does not depend on pressure:

o v f o) 4,

4rndp 2mop op v,
or (54)
a n ony,
v, 2mdpB

and using equation (40)

167* 1 @ -—7 4n’n’kT (@)2 (55)
it Ve 8 \op
where R, is the part of the Rayleigh ratio due to the
density fluctuations at ¢g=0. (For q+#0 one has to
multiply this result by the factor ((1 + cos? 6)/2) in the
case of natural light. This is a classical expression for the
scattering by a pure liquid. It assumes that the quantity

a does not depend on pressure; this is questionable!® but
we do not want to enter into this discussion here.

R4(0) =

The composition fluctuations term
Using equations (44) and (51) one writes immediately:
4r? on\* kT
Ry0) =" n? (-") e (56)
A op) 0’g/og
calling R¢ the contribution to the Rayleigh ratio of the
composition fluctuations at g =0.

One can also write this expression using the variables
¢ and M, using the following transformations:

on on on

*_ =0, 57
66 " deipn e 7
d*g 0%
hil AN Sk4 8
a¢2 pl 6(,'2 (5 )

One uses also the Gibbs—Duhem relation to express
8%g/0¢? as function of du,/dc.

0p* 0p z, 00 b ¢ 09 ¢ Jc 9)
Writing equation (54) as function of ¢ one obtains:
4n? 6n2>2 kTv
R 0)=——n*|—— 0 60
0= (6c 02g/oc (0)
2 2
R =4_’Z-n2 <@> _ KTvee (61)
A oc) —(Ope/0c)
or, introducing the osmotic pressure @ defined by:
@vo = — (i1, — p1g) (62)
2n? on*\?* kTc
R(g)y=""_n2{ 1+ cos?6 63
sa) = (&) e 1 H s 0 (6

which is the classical formulation of the result for
molecules with a form factor equal to unity.

CONCLUSIONS

All treatments, in which it is supposed that the system
is incompressible, can be generalized to compressible
media. One simply adds to the calculated value a second
term which is the contribution of the density fluctuations
of a medium of the same average density of coherent

584 POLYMER, 1991, Volume 32, Number 4

scattering length (or index of refraction) and the same
compressibility. The variables we have used are natural
variables; they allow a very simple derivation of the
thermodynamic expressions for density and composition
fluctuations. This should allow experimentalists to write
correct formulas, especially when they use scattering
experiments for the determination of thermodynamic
quantities on low molecular weight substances!3:14,

In this paper we did not mention the effect of
polydispersity which has been discussed extensively in
reference 1. One has just to modify the definitions of the
coefficient of the matrix [x] to take care of it.
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APPENDIX

Demonstration of equation (20)

From the theory of functions with more than one
variable one writes:

()=o) G, (),
ON, PN ON o,N op/n \ON; v,Nm

where the index N, means that all the N, for i #k are
constant. Because one assumes that u; is taken at p
constant one can write:

oG
= A2
K ( p Nl)m (A2)

Taking the derivative of (dy;/0p)y with respect to p
one can, changing the order of differentiation write:

ou; 2 |4
<_”_'> _ 6 =(a_> =1, (A3)
dp/n OpéN, ON;/n.,

since 0G/dp=V. In order to evaluate the quantity




(Op/ON,),.n ODE writes:

ov oV
dav = ( )de (—) dp (A4)
N/, or/n,

and this gives at constant volume (dV = 0):
( o ) __@v/eNy,_w
N,  (@V/ip)y, BV

where v, is the partial molar volume of component k and
B the isothermal compressibility (— 1dv/vdp). Putting this
value in equation (1A) one obtains the desired result, i.e.:

ou AN
@)
6]\Ik v,N a]\Ik p.N ﬁV
The case of a two component system treated using the
variables Ny, N,

The matrix [H], after using equation (8) to transform
the derivatives at constant ¥ into derivatives at constant

p, becomes:
oNo/, BV? \0N,/, BV*

[H] =
oN,/, pv? \an,/, pv?

The determinant of this matrix can be evaluated easily
using the Gibbs—Duhem relation:
Opto duy
N, +N, —=0 (i=0orl A8
(e aN,- 3N, @ ) (A8)
which enables one to express all the partial derivatives
as function of one of them. One finds:

(AS)

(A7)

14

Det = —<-al‘£) (A9)

0N/, BNoN,

The cofactors are also easy to determine and one finds:

ANG N5 NNyl (g@)-l (A10)

kT vV V2 \oN,
ANoAN, _ BNoNy  NoNi,vov; <%>_1 (Al1)

kT vV |14 0N,

mzﬁN%_Nova(z) <%>_1 (A12)

kT vV V: \oN,

Multicomponent compressible systems: H. Benojt

If one uses these variables one obtains, after rearrange-
ment the following expression for AP2.

AP? =(apN, +a,;N,)> ——- kT 'B

_NoNx(axuo—aovx) kT (‘7#0) (A13)

this expression is identical to equation (37) simplified for
the case of two components because the quantity
(agNo +a;N,) is equal to

(aoNo + aN;) = Ny(ao + ¢a,) = Nra (A14)

and one knows that (0u,/0N, )y, and (8p,/0¢) obey the

relation:
Oko\ _ (o) d¢ _ (Opo\ (1~ ¢)
(aN)NC(w)de(a«p) N, AP

and that the quantity a,v, — ayv, is given by:

vy _
a0y — Agly =vl<alv»~a0>=vla1 (Al6)

1

One can also recover equation (32) writing the expres-
sions of AN%, AN;A¢ and A¢? as function of AN3, AN?
and AN,AN, because:

ANT = ANO + ZIANI

N
__Z_l_l__> ~ — [z,AN, —
No+z,N,) N,

$(AN, +z,AN,)]
(A17)

The calculation is tedious but straightforward. It is
important to note that in this treatment we never made
any differentiation of expressions containing z, except in
the final statement in which we announce that formula
(A13) is identical to equation (44) where we should
introduce the derivative of z with respect to the
composition. This means that, even if the ratio z; = v,/v,
depends on pressure, equation (37) is correct in spite of
being derived with z constant. This result which has been
established in detail for a two component system can be
extended to any number of constituents and should be
used by experimentalists.

A¢>=A<
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